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Abstract The microscopic origin of friction has been the goal of several theoretical
studies in the last decades. Depending on the investigated systems or models,
on the simulation techniques or conditions, different and somewhat contradictory
results have been found, even when using the same model. In this contribution
we address this apparent paradox in a well know case, the Prandtl-Tomlinson
model at zero temperature, studying the force-velocity relation for a wide range
of velocities not previously presented. Including much more data density for the
non trivial regions, we are able to shed light on this problem and at the same
time, provide new insight in the use of the paradigmatic Tomlinson model for the
secular problem of friction laws.
Keywords microscopic friction · nanotribology · Prandtl-Tomlinson model
1 Introduction
What are the precise microscopic mechanisms that causes the appearance of fric-
tion forces at the macroscopic level is one of the oldest problems in physics, whose
fundamental origin has been studied for centuries and still remains controversial [1,
2,3]. Our hominid ancestors in Algeria, China, and Java (more than 400,000 years
ago) made use of friction when they chipped stone tools [4], for example. Around
200,000 years ago, Neanderthals generated fire by the rubbing of wood on wood or
by the striking of flint stones. Significant developments occurred some 5,000 years
ago, as an Egyptian tomb drawing suggests that wetting the sand with water to
lower the friction between a sled and the sand [5] was used for moving large rocks.
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The scientific formalization of such empirical knowledge started with Da Vinci, fol-
lowed by Amonton and Coulomb. They established that the friction experienced
by a body in contact with an even surface is proportional to the load. Second,
the amount of friction force does not depend on the apparent area of contact of
the sliding surfaces. And third, the friction force is independent of velocity, once
motion starts [6,7]. These three laws, commonly verified in a macroscopic scale,
are the result of the collective behavior of many single asperity contacts, as was
shown by Bowden and Tabor(1954) [8].
With the introduction of the atomic force microscope (AFM) [9] and friction
force microscope (FFM) [10], Bowden and Tabor’s theory could be experimentally
verified, proving that friction laws for a single asperity are different from macro-
scopic friction laws. One of the main results, confirmed by several experiments [10,
11], is that the friction force on the nanometer scale exhibits a saw-tooth behav-
ior, commonly known as “stick-slip” motion. This observation can be theoretically
reproduced within classical mechanics using the Prandtl-Tomlinson model [12].
Over many years, this model has been referred as the “Tomlinson model”
even though the paper by Tomlinson did not contain it. In fact, it was Ludwing
Prandtl who suggested in 1928 a simple model for describing plastic deformation
in crystals [13]. His contributions were more associated with fluid mechanics [14],
mechanics of plastic deformations, friction, and fracture mechanics [15]. In order
to correct this historical error, in 2003 Mu¨ser, Urbakh, and Robbins, published
a fundamental paper [16] in which the mentioned model was termed “Prandtl-
Tomlinson Model” [17]. Indeed, the Prandtl-Tomlinson (PT) model has received
some renewed attention, as can be seen for example in modeling the aging effect
on friction at the atomistic scale [18].
On the other side, Makkonen [3], using a thermodynamic approach, relates
friction to the surface energy involved at the edges of nanoscale contacts between
materials, as the result of new surface formation. This is a different approach as
compared with the Prandtl-Tomlison model presented here, which assumes that
friction arises within the nanocontacts.
In the last years, theoretical predictions for the atomic friction, based on the
Prandtl-Tomlinson and Frenkel-Kontorova [19,20,21] models, were proposed. The
advantage of such models resides in being simple and yet retaining enough com-
plexity to show interesting features. Such models were able to explain some features
of atomic-scale friction, relating the energy dissipation with the stick-slip motion,
atomic vibration, and resonance [22,23,24,25,26,27].
In the original experiments of Mate et al. [10] the authors state that the fric-
tional force of a tungsten tip on graphite shows little dependence on velocity for
scanning velocities vc up to 400nm/s. A similar behavior has been reported in
the work of Zworner et al. [28] for velocities up to several µm/s, where friction
on different carbon structures has been studied. They claim that a 1D Prandtl-
Tomlinson model at T = 0 can reproduce the velocity independent friction force
for scanning velocities up to 10µm/s, while giving rise to linear increase of friction
for higher velocities. Other works claim a logarithmically increase in the friction
force with velocity, attributed to thermal activation [29,30,31,32,33,34,35]. Fusco
and Fasolino [25] have shown that an appreciable velocity dependence of the fric-
tion force, for small scanning velocities (from 1nm/s to 1µm/s), is inherent to the
Prandtl-Tomlinson model, having the form of a power-law Ffric−F0 ∝ v2/3c . Con-
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sidering the variety of seemingly controversial results, we conducted the present
study, producing a wide range of numerical data for the friction force as a function
of the scanning velocity. With a higher density of points it is possible to identify
four clearly behavioral regions, which may go unnoticed depending on how the
data is presented.
In this way, we show the results in different scales of representations to demon-
strate how the conclusions appear to be conflicting. At the same time, an over-
looked region of data shows an interesting behavior not previously reported.
2 Methodology
We use the 1D Prandtl-Tomlinson model at T = 0 to simulate a tip of mass m
attached by a spring of constant k to a support (cantilever) moving at constant
velocity vc along the X direction, over a surface represented by a periodic potential
V (x), where x represents the position of the tip. A graphical representation of the
model is shown in Fig. 1.
vc t
a
m,k
U0
Fig. 1 Sketch of the 1D Prandtl-Tomlinson model for atomistic friction. The cantilever tip
of mass m and constant K is moving at constant velocity vc. The surface is represented as a
potential with corrugation U0 and period a
The interaction potential has the form
V (x) = U0 cos(
2pix
a
) , (1)
where a is the lattice spacing. The elastic interaction between the tip and the
support is
Vel(x) =
1
2
k(x− xc)2 , (2)
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where xc = vct is the equilibrium position of the spring. Thus, the equation of
motion for this system, including the ad-hoc dissipation term, is
m
d2x
dt2
= −k(vct− x) + U0 2pi
a
sin(
2pi
a
x)−mγdx
dt
, (3)
The therm proportional to the tip velocity dxdt is added to introduce energy
dissipation in the model. Being γ this proportionality constant. Equation 3 rep-
resent the same model used in some previous contribution to which we want to
make contact [25,28].
The lateral force F is calculated as F = k(xc − x), whereas the frictional force
Ffric is identified as the lateral force averaged over time 〈F 〉 [36]. We solve the
nonlinear equation 3, using the velocity Verlet algorithm [37] for a wide range of
scanning velocity vc.
3 Results
In this section we present the results obtained by solving numerically the equation
of motion (Eq. 3) for the Prandtl-Tomlinson model. The values of the constants for
the model are: k = 10N/m, m = 10−10 kg (which gives a natural frequency for the
tip,
√
k/m ≃ 316 kHz), and a = 0.3 nm, typical values of AFM experiments [30,
38,28,25]. In general, the amplitude used for the corrugation U0 goes from 0.2 to
2 eV [32], and in the present case we use U0 = 1 eV. We chose γ = 2ω = 2
√
k/m
in order to have critical resonance of the system, and the time step used for the
numerical integration was ∆t ≃ 1 ns 1. These particular set of parameters were
chosen in order to compare our results with those obtained by Zworner et al. [28]
and Fusco and Fasolino [25].
With the help of the software Engauge Digitizer [39] we recover the data points
from the graphics of the mentioned references; in this way we can reproduce the
plots of their simulations in the most similar way to the original articles. Figure 2
(left and right) reproduces the results of Fusco and Fasolino [25] for linear and
log-log scale, and Fig. 3 the corresponding ones of Zworner et al. [28].
Moreover, with the digitized data at hand, we can put the two sets in the same
graph along with the results from our own simulations (as shown in Fig. 4), so we
can compare the three set of data in the different regions.
Our numerical results are extended down to 0.1 nm/s, in order to show that,
in principle, all data seems to be consistent. It can be appreciated from the plot in
linear scale (Fig. 4 left), that this consistency is hard to appreciate, particularly
under 1µm/s where many order of magnitude are condensed. For this reason, the
same data has to be presented in a more convenient scale, which is the case of a
semi-log scale (Fig. 4 right).
Zworner et al. [28] use a wide range of velocities (from 10−2 µm/s to 103 µm/s)
so it is interesting to analyze in detail the results on different regions.
In their work, the authors concluded that the model exhibits two limiting be-
haviors for the resulting frictional force (Fig. 3): a velocity independent regime at
1 The period of oscillation of the cantilever is 20 µs and the maximum simulated speed is
1mm/s, so that time step is more that 1000 times smaller that the period and at the maximum
speed it moves only 1/300 of the potential length
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Fig. 2 Data extracted from Fusco and Fasolino [25] showing the friction force (Ffric) as a
function of the sliding velocity (vc), plotted on a linear (top) and on a log-log scale(bottom),
in the same way it was presented in the original article.
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Fig. 3 Data extracted from Zworner et al. [28] showing the frictional force (Ffric) as a function
of the sliding velocity (vc), along with the analytic expressions proposed by them for the two
limiting regimes.
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Fig. 4 Ffric as a function of vc in semi-log scale; comparison between previous and present
numerical results with the athermal Prandtl-Tomlinson model: Zworner et al. [28], Fusco and
Fasolino [25], and present contribution.
low velocities, below 1µm/s and a viscous linear regime for velocities ≥ 100µm/s.
We can see in Fig. 5 that these two limiting cases —and particularly the combi-
nation of both— can give an approximated description of the Prandtl-Tomlinson
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Fig. 5 Ffric as a function of vc in linear and semi-log scale; comparison between Zworner et
al. [28] simulations and present numerical results with the athermal Prandtl-Tomlinson model.
model results in the wide region of velocities displayed. However, one has to be
aware that the log-log scale used to present the data might hide possible departures
from such behavior, providing an oversimplification of the otherwise rich features
of the Prandtl-Tomlinson model that we will show in section 3.2
According with Zworner et al. interpretation there is no change in the fric-
tional force when the velocity goes from 10nm/s to 1µm/s. After this, Ffric is
proportional to γvc in a viscous damping regime. Our results were done in a wide
interval of velocities, covering both previous papers ranges and more, plus a small
velocity increment. Displaying the data in a linear scale (Fig. 6, left), and with a
higher density of points, we can see that the dependence is far from being constant.
Moreover, on Fig. 6 right, we show how the choice of the scale can influence on
the data interpretation, hiding relevant aspects of the behavior of the system.
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Fig. 6 Comparison between data from Zworner et al. [28] and from present contribution in
linear and semi-log scale.
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3.1 Small Velocities representation
For small velocities (up to 1µm/s) we also make contact with the results of Fusco
and Fasolino [25] by comparing the results of our own simulations with the digitized
data from them in Fig. 7.
In their article, the authors develop an approximation to the dependence of
the frictional force with the velocity, showing that Ffric follows a power law of the
form:
Ffric = F0 + cv
2/3
c (4)
where c is a constant that depends on the parameter of the model and on the
space dimension. This approximation is very accurate for this range of velocities.
Highlighting again that the friction is not independent of the velocity. This proves
that depending on the scale chosen to represent the data, important information
can be overlooked. The same Figure also shows that this power-law dependency
continues to be valid for higher velocities of up to 20µm/s.
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Fig. 7 Increase of the frictional force with velocity between 10−3 µm/s to 20 µm/s. The line
is a power-law fit to the data of the form Ffric − F0 ∝ v
2/3
c . [25]
3.2 Transitional and Large Velocities representation
An important fact that stands out is the distinctive behavior in the region between
10µm/s and 35µm/s (Fig. 10), where Ffric oscillates with vc around a fixed value
of force. Indeed, for the velocities vc in this region,the tip sees a force from the
surface that varies with the a frequency close to its own natural frequency [24,40],
i.e.:
vresc =
a
2pi
√
k
m
≃ 15µm/s (5)
In order to better understands what could be the origin of the reported behav-
ior we present below the tip position and velocity as a function of the cantilever
position (Fig. 8). We present that data for different values of the sliding cantilever
velocity. For velocities well below the region where friction oscillates, we have the
typical stick-slip behavior where energy dissipates mainly after the slip movement.
8 Mar´ıa Luja´n Iglesias, Sebastia´n Gonc¸alves
For large velocities the viscous regime is recovered. However in the region of in-
terest we observe that the tip slips over a distance of two cell parameters, from
one potential barrier to the second other one. This happens only for a damping
coefficient near critical. Then, instead of being a resonance phenomenon, it is a
critical damping effect where the dissipation remains at its minimum compatible
with the sliding speed (Fig. 9). The presence of double jumps for that range of
velocities, makes us to wonder if multiple (more than two) slide jumps would be
possible. That can happen, depending on the key parameters of the model, i.e, U0,
k, and a [41], and it deserves a future and thorough analysis.
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Fig. 8 Tip position as a function of cantilever position for different sliding velocities, before,
at, and after the region where friction oscillates.
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Fig. 9 Tip velocity as a function of cantilever position for different sliding velocities, before,
at, and after the region where friction oscillates.
Such behavior comes to light in reason of the remarkable increase in the density
of simulated points and it has not been reported before. In this segment the value
of Ffric oscillates around an average value of 3.35 nN. This behavior goes totally
unnoticed in a logarithmic representation of the data. Some recent experiments [43,
44] have been carried out evaluating the friction dependence on speed near this
region, but without covering the entire range and without sufficient detail and
precision.
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Fig. 10 Detail of the behavior of the friction force with velocity between 15 to 35 µm/s. We
can say that friction is stationary in this range of velocities.
After the transition region, we observe that friction growths again. We fit the
data with a quadratic power-law:
Ffric − F ∝ v2c (6)
where F is the value of the friction at the lower velocity of the adjustment (Fig. 11).
The quadratic growth fits very well with the simulation data up to 0.1mm/s
behaving like a drag force until finally, for large sliding velocities, the mechanism
of energy dissipation through the “stick-slip” effect breaks down, and Ffric is
proportional to γvc, where critical damping is assumed, giving γ = 2
√
km.
 10
 100
F f
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[nN
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Ffric − F0 ∝ vc
2/3
Ffric − F1 ∝ vc
2
γ vcFfric = 3.34
Fig. 11 The friction force as a function of velocity in the transition region between the low
velocities v
2/3
c regime to the high velocities, viscous linear regime. For that intermediate regime
of velocities the force goes through two other transitional regimes of almost constant force to
quadratic velocity regime before entering the linear regime. Increase of the frictional force
with velocity between 35 to 100µm/s. The line is a power-law fit to the data of the form
Ffric − F ∝ v
2
c . For high velocities the frictional force is proportional to the velocity in the
regime of viscous damping
4 Conclusion
We have presented a thorough numerical study on the velocity dependence of fric-
tion that emerge from the classical Prandtl-Tomlinson model in the athermal case.
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Despite the fact that similar works have already been carried out, our contribution
was made with a higher density of points, bringing to light behaviors not previ-
ously reported. By comparing our results with previous ones with the same model,
we were able to conciliate apparent conflicting results while providing new insight
and interpretation of them. Besides, we present results in regions not previously
explored. We confirm Fusco and Fasolino results for small velocities but extended
up to 15µm/s, where friction force has a dependence of v
2/3
c . A transition region
located between 15-35µm/s where there is a constant frictional force on average
and then an increase proportional to v2c up to 100µm/s. After this, the force is
proportional to γvc in a viscous damping regime. Our numerical study shows that
depending on how the results are presented, mainly when changing from linear
scale to logarithmic, part of this rich an interesting behavior can go unnoticed.
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